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1 Introduction 

Let be a number field with ring of integers Ok, X a projective fiat scheme of 
relative dimension t over Spec O^, which in this paper is refered to by the term 
of a t-dimensional arithmetic variety, and C a positive metrized line bundle on X. 
If for D G N one defines Hx{D) as the dimension of the vector space of global 
sections of C^^ on X = X xgpg^, Spec k, and lrix{D) as the arithmetic degree 

of the arithmetic bundle of global sections of C.®^ over X, there are the well know 
algebraic and arithmetic Hilbert-Samuel formulas 

Hx{D) = deg^X^ + 0{D'-^), 
H;,{D) = hc{X)-^^^ + OiD^ogD). 



One can define a third kind of Hilbert function: Let cr : A; — > C be some embedding, 
and 9 G X(Cct) a generic point, i. e. a point whose algebraic closure over the algebraic 
closure k oik is all of X, assume further that X(Co-) is endowed with a Kahler metric 
such that the Kahler form conincides with the chern form Ci(L), and define 

T{D,H) := {/ e r(A',£®^)|log|/U.(x), < H}, 

and 

- min 

/f„(AJJ):=-^^,(^_^)iog|M. (1) 

We always assume that H sufficiently big compared with D. For k = Z, the Theorem 
of Minkowski together with the algebraic and arithmetic Hilbert- Samuel formulas 
implies that for sufficiently big D, 

H;,,0{D,H)>hiX)^^—^ + HdegX— + O{DnogiDH)). (2) 

Proof Let D e N, and Se be the stalk of jC^^ at 9. If / e r{D, H)^ is a vector 
of norm one, orthogonal to the kernel of the evaluation map 

ipD:r{D,H)^Sg, f^fe, 

and 

c ■= — - 

\fe\ ' 

then, for sufficiently big n, the vector is orthogonal to the kernel of the evaluation 

ipnD ■ T{nD,H) Se, 

and 

iogi/f^wi=iogi/ri+^iogc. 

Let now e > be arbitrary, 

logen,H = (1 + e) i^-h{X)^^_ - HdegX—j , 

and Ier,D,H ^ the product of the intervall Ie„D,H diameter 2enD,H in the direction 
of Z®" and the cube with width in the kernel of the evaluation map ^PnD, that 
is orthogonal to /®". By the Theorem of Minkowski, and the two Hilbert-Samuel 
formulas, for sufficiently big n, Ie„B ^ x Kh contains an element g G r(A:',£"^). 
Clearly, log\g\ < H + t\og{nD) — log(t!), and therefore g belongs to V{nD,H). 
Further, the projection of g to the line generated by is = a/®" with log a < 
^nD,H, and hence, 

log \ge\= log |a/f "I = log \af^''\mx) - nlogc < 
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/ JJt+l JJt 

(1 + e) i^-h{X)j^^^^ -HdegX— 
Since e was chosen arbitrary, the claim follows. 

The just proved lower bound ([2]) is equivalent to arithmetic ampleness as stated in 
ISABKj . ch. 8, Theorem 2: 

Proof The cited Theorem states that 

#r(D, H - log 2) > hiX)j^^^ + degXiH - log2)^. 

Since for each / G T{D, H), 

log \fe\ < log \f\L2^x) + Dlogc<H + Dlogc, 
there are vectors f,g& r{D,H) such that 

log ll/l, - \g\o\ < - degX{H - log2)^ + H + D\ogc^ 

jjt+i jjt 

Thus 1/ - g\v^{x) < H, i. e. f - g e T{D, H), and 

log 1/ - g\e < log ll/l, - 1^1,1 < -hiX)j^^^ - degXH^, 

which is formula [21 
On the other hand if 

#r(D, H - log 2) < hiX)-^^^ + degXiH - log2):^, 

then for a generic point 6 G X(Co-), there is an / G T{D, H — log 2) such that for 
every g G Y{D,R), 

log ll/l. - \g\,\ > -h{X)j^^^ - degX(i7 - log2)^. 

Because the set {/ + g\g G T{D, H)} contains the set T{D, H — log 2), this implies 
that there is no /i G T{D, H — log 2) with 

log \h\e < -hiX)j^^^ - degX(i7 - log 2)^, 

and thus 

H;,,e{D, H) < h{X)-^^^^ +HdegX^ + 0(D*log(M)). 
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1.1 Conjecture The inequality ^ is an equality for almost all generic 9 G X(C). 

Of course, the term almost all is to be taken in the sense of Lebesque measure. For 
A' = the projective line (or rather X = the affine line with the corresponding 
definition of the height of a polynomial), the conjecture is just Sprindjuk's Theorem 
that almost every transcendental number is an S'-number of order 1 in the sense of 
Mahler classification ( |Baj . Theorem 9.1). 

It will be the objective of |Ma3] to proof that there exists a positive constant c only 
depending on t such that 

H;,,eiD,H) < c (^/i(^)^_^ + HdegX—j (3) 

for almost all generic 6 G X(C), and sufficiently big D. 

By |Mal] . Theorem .2 instead of T{D, H) and log l/^l one could also use the height 
/i(div/), and the algebraic distance -0(6*, div/) in the definition of the transcendental 
Hilbert function ([1]). In this perspective, consider the following definitions 

v,{D,H) ■= {y G z:ff{x)\ degr < D^ h{y) < hd^-'}, 

where Zljj{X) denotes the semigroup of effective cycles of codimension s in X, and 

(min \ 

with -D(Y, 6) the algebraic distance of F to ^ (See |Malj . p. 21 for the definition). It 
is one of the objectives of [Ma2j to proof 

1.2 Theorem There exist positive numbers bi, . . . ,bt such that for every generic 
point 6, 

E%,[D,E) > b, [h{X)^^^ +HdegX—j . 
for all s = 1, . . . ,t, and sufficiently big D. 
This paper will further contain the stronger estimate 

1.3 Theorem There are positive numbers bi, . . . ,bt such that for every generic 
point 9, and for every s = 1, . . . , t there are cycles y G Ts{D, H) such that 

\og\YA < -h \h{X)j^^^ +HdegX—^ , 
where \Y,0\ is the distance of to Y with respect to the Kdhler metric. 
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These results should also relate to the analogon to arithmetic ampleness for sub- 
varieties of higher codimension, i. e. a lower bound on the number of points, or 
subvarieties of arbitrary dimension of bounded height and degree; an upper esti- 
mate for this number being comparitively easy to prove. 

Moduloa a constnat, he reversed inequalities of Theorems 11.21 and ll.3l for almost all 
generic 9 will also be proved in |Ma3] . 

The proof of Theorem 11.21 for s = 1 has been given above. The fundamental strat- 
egy for prooving Theorem 11.21 for cycles of higher codimension is to find effective 
cycles Xi, - ■ ■ ,Xs of codimension one that intersect properly and have small alge- 
braic distance to 6 just as above, and use the metric Bezout Theorem from |Mal] to 
prove that their intersection still has small algebraic distance to 6. This approach, 
however, faces the following problem: If one has found Xi of bounded height and 
degree as shown above, in order to find X2 that intersesects Xi properly, one has to 
use the algebraic and arithmetic Hilbert-Samuel fomulas for Xi. As these formulas 
only describe the infinite behaviour of the Hilbert functions, they do not guarantee 
that one can find a X2 of approximately the same height and degree as Xi, but the 
metric Bezout Theorm delivers useful results only if one can. 

To evade this problem, one can use explicit estimates for the algebraic and arithmetic 
Hilbert functions that allow the argumention for D and H not too big compared with 
the degree and height of Xi, and therefore obtain X2 and iteratively X^, A4, . . . with 
degree and height within a certain range. Of course, to obtain the desired results via 
this procedure, the estimates must relate the Hilbert functions to functions which 

close as possible to the leading term in the Hilbert-Samuel formulas. 
For the algebraic Hilbert function of subvarieties of projective space, estimates of 
this kind have been obtained in [Chj . and |CPj . An upper bound for the arithmetic 
Hilbert function for subvarieties of projective space is given in (Phj . This paper 
presents an alternative proof for the upper bound of the arithmetic Hilbert function 
and also a lower bound if the subvariety fullfills suitable conditions. The lower bound 
will only be given for irreducible varieties; the general case presents some additional 
problems, which however most propably are not very grave, and it maybe will be 
proved elewhere. 

The fundamental tool for the proofs presented here is the Theorem of Minkowski 
which allows to relate the arithmetic and algebraic Hilbert functions to lengths of 
shortest vector in the space of global sections of line bundles over arithmetic varieties, 
and thus in a certain sense reduces the arithmetic aspects of the problems to one 
dimensional sub spaces of arithmitic bundles. 

The proofs of the bounds are related to and rely on a sulution of the Problem of 
arithmetic interpolation which, roughly stated, asks, given two arithmetic subvari- 
eties X, y of projective space, under which conditions can one find a hypersurfaces 
of bounded height and degree that contains y and intersects X properly? I am not 
yet sure whether the formula given for arithmetic interpolation, which is needed to 
prove the lower bound for the arithmetic Hilbert function given in this paper, solves 



5 



the interpolation problem in desirable generality; this will also be subject to further 
work. 

Another important tool is the concept of locally complet intersection in projective 
space, which was already used in |CP] to obtain lower bounds for algebraic Hilbert 
functions and interpolation formulas in the algebraic context. 

The concepts and results of the first part of this series on diophantine approximation 
will play no role in this paper though there are of course similar prerequisites and 
argument at ions . 

2 Algebraic Hilbert functions 

In this section, k denotes an arbitrary field, and P* projective space over k. 

2.1 Defintion A k- subscheme X of P'^ of pure codimension s is called a locally 
complete intersection of hypersurfaces Hi, . . . Hg if there is an open subset f/ C P* 
such that 

X = Hin-'-nHsHU. (4) 

Let y C P* 6e an irreducible subvariety. A subvariety X of pure codimension s is 
called a locally complete intersection at Y if there are hypersurfaces Hi, . . . , Hg such 
that X consists of the irreducible components of Hi n ■ ■ ■ H Hg that contain Y . 

2.2 Lemma 

1. If X d is a locally complete intersection, and y d X is a subvariety of 
codimension zero, then y is a locally complete intersection. 

2. For any irreducible variety Y ; if X is a locally complete intersection at Y , then 
X is a locally complete intersection. 

3. If X is a locally complete intersection at Y , and Z a subvariety that contains 
Y and intersects X properly, the union W of the components of X (1 Z that 
contain Y is a locally complete intersection at Y . 

2.3 Proposition Let X d be a subvariety of pure dimension s in P*, and 
denote by 

Hx{D) = dim H\X,0{D)) 
the algebraic Hilbert function. 
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1. For every D G N, 



t - s 

2. If X is a locally complete intersection of hypersurfaces of degree Di, . . . ,Ds, 
then for D > D := Di -\ \- Ds- s, 

'D - D + t - 



Hx{D)>degX 



t - s 



Proof 1. [CE], Theorem 1. 
2. [CP]. Corollary 3. 

Let now F C X C P* be algebraic subvarieties of dimension r, and s respectively, 
and Vn = Vj^{Y) the nth infinitesimal neighbourhood of Y in X. Define 

Hy,XD) := rkr(Vf (F),0(D)) = rkT{F\OiD)) - rkly^XD), 

where Iv„{D) are the global sections of 0{D) that vanish on V^(Y). 

2.4 Proposition 

, ^ fn + s — r — \\ f D + r 



s — r / \ r 



2.5 Proposition Let X,Y be irreducible 0-dimensonal subvarieties o/P*, that are 
locally complete intersections of hypersurfaces of degree at most D. Then there is 
an f e T{F\0{tD)) such that f\x = 0, and fly 0. 



Proof By proposition [23 

'tDXdefrX ^ 



HxitD) < degxf^^ + °') = degX, 



and 



HxuY > (deg X + deg Y) (^^ ' ^* + > deg X + deg Y 



Since rkT{F\0{tD)) = this implies 

rklxuvitD) = + ^) - HxuY < (^^ ^ ^) - deg X - degF < 

''';yaegX<^^;yHAtD)^rkIxm. 

Hence, Ix{tD) contains a vector not contained in IxuritD), and thereby not con- 
tained in lyitD). 
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2.6 Lemma Let k now be of characteristic zero, ri G N, and f i, . . . , f„ G /c" such 
that for each i = l,...,n the i the component of Vi is nonzero. Then there are 
mi, ... , TUn G N with rrii < n such that in 

V = rriiVi + ■ ■ ■ + rrinVn G /c" 

no component is zero. 

Proof The Lemma clearly holds for n = 1; so assume it holds for n — 1. for 
fi, . . . , f„ as in the Lemma, there are mi, . . . , m^-i with m^ < n — l,i = 1, . . . , n — 1 
such that 

w = miVi H h nin-lVn-l 

has the first n — 1 components not equal to zero. If also the last component of w is 
nonzero, choosing m„ = proves the Lemma. If the nth component of w equals zero, 
let u = Vn, and define Wj as the jth component of w, and uj as the jth component 
of u. Further, kj := Wj/uj,j = 1, . . . , n — 1. As these are n — 1 numbers there is an 
m„ 7^ with m„ < n such that m„ ^ —kj for all j = 1, . . . , n — L Consequently, 
for Vj the jthe componennt of v = w + rrinU, we have Vj = Wj + rrinUj. Thus, for 
j < n — 1, by the choice of m„ we have 

Vj = Wj + rUnUj 7^ Wj — kjUj = 0, 

and since Wn = 0, further Vn = rUnUn 7^ 0. 

2.7 Corollary Let X he an irreducible variety of dimesnion in Pj^, and Y any 0- 
dimensional variety both of which are locally complete intersections of hypersurfaces 
of degree at most D. Then, there is an f & r(lP*5 0{tD) such that /|x = but f is 
nonzero on every irreducible component ofY. 

Proof Follows immedeately from the previous two Lemmas. 

2.8 Proposition Letr < s <t, andX,Y irreducble subvarieties o/P* of codimen- 
sion r, and s respectively which are locally complete intersection of Hypersurfaces of 
degree at most D > t^ . Then there is an f & r(P*, 0{{t + l)D)) such that /|y = 
and f\x 7^ 0. 



Proof By Proposition 12. 3i 
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and 






and consequantly there is an / e r(P*, 0{{t + 1)D) which is zer on Y but not zero 
on X UY, hence not zero on X. 

2.9 CoroUciry Let s < t, Y an irreducble subvarieties of P* of codimension s 
respectively which is locally a complete intersection of Hypersurfaces of degree at 
most D > t* , and X a suhvariety each irreduchile component of which has dimension 
smaller s, and is locally a complete intersection of degree at most D Then there is 
an f & r(P*, 0{{t + 1)^)) such that fly = and f\x 0. 

Proof The proof is analogous to the one of the previous Corollary. 

We make the notational convention that for positive numbers a, b occuring in a 
context of subvarieties of P*, the statement a = b means that there are positive 
constants Ci, C2 depending only on t, and possible on codimensions of subvarieties in 
the context such that a < cib < C2a. 

Using these interpolation forumulas it is possible for each irreducible subvariety 
F D P* to construct a chain consisting of locally complete intersections at Y of 
bounded degree: 

2.10 Proposition Let Y (Z be an irreducible variety of codimension s. There 
is a chain of subvarieties 



and hypersurfaces Hi, . . . , Hg of degree Di < ■ ■ ■ < Dg such that each Xi,i = 0, ■ ■ ■ , s 
is the locally complete intersection of Hi, - • ■ , if j aty, and the following conditions 
are fullfilled: 



P* = Xo D D • • • D Xs-i DXgDY 



1. 



deg Xi = deg Xi_iDi, i/y ( A - 1) = deg X, 




and if Yi is an irreducible component of Xi with minimal degree, then 

deg Yi = degXi. 



9 



2. 



degXi <c(t,i)(degy)i 



3. With Di = Di + ■ ■ ■ + Di — i for every i = 1, . . . , s — 1 the inequality -Dj+i > 
2(Z)j + 1) holds, and if If A+i > 2(Z)j + 1) for some z G {1, . . . , s — 1}, then 
there exists no global section f of degree less than -Dj+i that is zero on Y and 
nonzero on every irreducible componentn of Xi. 

4- If Y is a locally complete intersection of hpyersurfaces of degree at most D, 
each of the Di may be chosen to be at most D. 

Proof For part 1, 2, and 3 see |CPj Theorem 2 or together with its proof. Part 3 
is trivial. 

3 Arithmetic varieties 

I collect here several facts about arithmetic. Exept for number 3 below and Propo- 
sition [3]5] they all are either rather basic or can be found either in [SABK] or [BGSj . 
Let k he a. number fild with ring of integers Ok, and X a regular, flat, projective 
scheme of relative dimension d over SpecZ. Under a subvariety of X we will under- 
stand any integral subscheme that has at least one /c- valued point. For X = P^^ 
any nonempty intersection of zero sets of primitive elements in r(P*, 0(D)), D > 
is a subvariety. A vector in r(P*, 0(D)) is said to be primitive if it is not divisible 
by a nonunit in Ok- 

Let further C be an ample metrized line bundle on X. Write X for the base extension 
of X to Spec k, and for any embedding a : k ^ (C denote by Xo- the base extension 
of X to C(j as well as the C- valued points of X. If clear from the context, X„ will 
also be denoted by X. or Spec C (also X^o for the last). For any effecitve cycle 
y on X, i. e. a linear combination with positve coefficients of irreducible integral 
subschemes of X, arithmetic intersection theory on X (see e.g. |SABKj ) enables 
define concept the height h(y) G IR of 3^. 

Furhter, the space of global section T(X, C) is a so called arithmetic bundle. Under 
an arithmetic bundle E over over SpecOyt is to be understood a projective finitely 
generated C^-module E together with a hermitian product (-I-) on E^o = E®Ok C^)- 
There are the following well known facts on heights and aritmetic degrees 

1. Let A" = P* = P(Z*"'"^) be projective space of dimension t, over Spec Z 
equipped with the line bundle C = 0(1). The canonical metric on C*"*"^ = 
Z*"'"^®aC induces a canonical metric on 0(1) (See e. g. [BGSj . 4.1.1 for details). 
The height with respect to this metric is the so called Faltings height, and one 
has 




fc=l m=l 
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the tth StoU number. 

Further, for any effective cycle y on P* the height of y is nonnegative. ( jBGSj . 
Proposition 3.2.4) 

2. [BGS] . Proposition 3.2.iv or jMaT] . Proposition 3.8.1. 

For {X, C) arbitrary, let 3^ be a subvariety of codimension p of X, and / a 
global section of C^^ on X whose restriction to Y is nonzero. 

hiy.divf) = Dh{y) + / log |/|/-^5y, 

where /i is the first chern form of C, and the integral is defined by resolution 
of singularities (See |SABKj . II. 1.2 for details). 

3. Let A" be a subvariety of codimension p in projective space P*, and / G 
r{F\0{D)) a global section. Then, 

[ \og\f\fi'-P-degX [ log|/|/i*<cDdegX, (5) 

with c a positive constant only depending on t, and p. 

Proof Let X# div/ D p2*+i be the join of X and div/ (see |Malj . section 
6 for the precise definition), and P(A) = P* D p2*+i the projective subspace 
corresponding to the diagonal in If 5'p(a) is a green current for P(A), 

it follows from the proof of [BGS] . Propostion 4.2.2 that 

/ log|/|/x*-P-degX / log|/|/x* = -i / giP(A) + l ^p(A), 
Jx Jf' Jx#div/ ^ Jf2«+i 

which by [BGS], Proposition 5.1.1 is at most 

deg(X# divf){ap+i+a2t+i-at-p-(Jt-i) = D degX{ap+i + a2t+i-crt-p-at-i). 

Remark: In |Malj the number log — degX j'^t log is called the 

algebraic distance D{X,divf) of X and the divisor corresponding to /. This 
concept however will not be needed in this paper. 

4. Arithemetic Bzout Theorem ( jBGSj . Theorem 5.4.4): If p,q are natural num- 
bers with p + q < t + 1, and X, y effecive cycles in P* of pure codimensions p 
and a intersecting properly, then 

h{X.y) < degY hiX) + degX h{y) + r ^ ^ j log2degXdegy. 
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5. For F a one dimensional arithmetic bundle define the arithmetic degree 

degF := ^-\og\v\s, 

s€S 

where v E E is any nonzero element, and S denotes the set of all places of Ok- 
For an arbitrary arithmetic bundle define 

deg£' := degdet F. 

li O — Tj, then deg£' is just minus the logarithm of the covolume of E in 
E^^ R. 

If E is an arithmetic bundle, and F C E a, subbundle the metric on E^o 
induces a metric on F^, and one obtains an arithmetic bundle F. If one uses 
the canonical isomorphiy of {E/F)oo with the orthogonal complement F^ of 
Foo in £'00 the metric on £'00 induces a metric on {E/F)oo, and one obtains 
an arithmetic bundle E/F. Further, under suitable conditions on the metric 
on E, for example for the canonical metric on = (8)^ C, the module 
G = E D as rank rkE — rkF, and the metric on £00 induces a metric on 
Goo^F^. We have 

degG < deg E/F. (6) 



3.1 Theorem(Minkowski) Let M be an arithmetic bundle M over Spec Tj, and 
K C M^glR any closed convex subset that is symmetric with respect to the origin, 

and fullfills 

logvol{K) > -dcg(M) + rkM \og2. 

Then K n M contains a nonzero_vector. In particular taking K as the cube with 
logarithmic length of edge — ^;^deg(M) +log2 centered at the origin, one sees that 
there is a non zero lattice point v & M of logarithmic length 

log |^;| < + 1 log 

Let now = P(Z*+^) be projective space of dimension t, and 

Ed:^ r(P*,0(D)). 

As Ed = Sym^Ei, which in turn equals the space of homogeneous polynomiels of 
degree D in t + 1 variables, this lattice canonically carries the following metrics: 

1. The subspace metric Sym^Ei C Ef^. 

2. The quotient metric Ef^ Sym^Ei refered to as \f\q. 
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3. The L^-metric 



I/Il2(p') — / 



IV, 



*(C) 

where /i is the Fubini-Study metric on P*. 
4. The supremum metric 

I/loo = sup \f, 



X I • 



Among these metric the relations 

log I/loo - ^ X] - < / log l/l/i* < log l/U. < log l/U. (7) 
hold f jBGS] . (1.4.10) or [Mil] . Lemma 3.1.). 

3.2 Lemma Let J = (io, • • • "^i) a multiindex of order t + 1, and norm D, that 
is \I\ = io + ■ ■ ■ + it = D , and the polynomial x'q ■ ■ ■ x^l . The set {X^\ \I\ = D} 
forms a basis o/ r(P^, 0(D)), and 

D + t\ fD + tY^ io^----iM 



|L2 

Furthere there are constants Ci,C2 > depending on t such that 



and 



-CiD <\og\X'\L2 = -\og{^ <-C2logD, 

log|X^U. = -a,^^^ + 0(D*logD). 



{/| |/|=D} 



Proof The chain of equalities follows form |BGSj . Lemma 4.3.6, and its proof. The 
estimates of log {^^*) are easy calculations. From this the estimates on log |X^|2,2 
follow from the fact dim r(P*, 0(D)) = (^^*)- The last equality is the arithmetic 
Hilbert-Samuel formula for P*. 

3.3 Lemma Let / G r(P*, 0(D)), ^ G r(P*,0(D')). Then, 

logl/Ua +log|^|L2 -C2(logD + logD') < log|/^|L2 < 

log + log \g\L2 + ci(D + D') + log ^ f ^) • 
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Proof Let I be any multiindex of order D. The vector Xj = '°(8)- • -(gjxf e Ef^ 
has length one, and by the previous Lemma 

-calogD + loglX/l = -calogD > log + log ^ >log|X/| - ciD. 

Likewise, if /' is a multiindex of order D', 

-C2 logD' > log \X''\g + log (^^'^ > -c^D'. 

Next, \Xi ® Xii\ — \Xi\ \Xp\. As the metric | • |q is the quotient metric of the one 
on El, we get 

log \X^X^'\q < log \XiXr \ = < 



log \X\ + log \X^'U + ci{D + D') + log + ^) + log {^'^, ^) , 



hence 



log \X'x''\l2 < log \X'\l2 + log \X''\l2 + CilD + D') + log ^ ^ ^) ■ 
Further, since |X^|i2 < 1, 

log \X'X''\l2 > -C2{\ogD + logD') > log \X'\l2 + log \X''\l2 - C2(logD + logZ^'), 

proving the claim for /, and g monomials. The claim follows for general /, and g 
because the X^ ,Xi form orthogonal bases. 

Let X be a subvariety of pure dimension s in P^^. Then on 

Ix{D) := {/ei/°(P*,Op))||/U = 0}, 

there are the restrictions of the norms | • \sym-i I ■ \q-i ^-nd | • |L2(pt), and on 

F;,{D) = H\X,0{D)), (8) 

there is the quotiont norm | • |g induced by the quotient norm | • |g via the canonical 
quotient map 

Qd-.Ed^ Fx{D), 

the L^(P*)-norm 



I • U2(p*) : ^ R, inf _W / \f\^i,t^J[ |/i|V=l/xUw 

qD{f)=f y jpt y J-pt 

with fx the unique vector that is orthogonal to Ix{D), and fuUfills qoifx) = /> 
and the L^(X)-norm 



\mx) ■■ Fd(x) ^ r, f^l 

Jx 
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3.4 Lemma Let X C be a subvariety, and f G F£){X),g G Fo'iX). Then, 

log |/fi'|L2(pt) < log |/|L2(pt) + log |^|l2(P') + Ci{D + D') + log 

log l/|L2(pt) + log + C:i{D + D'), 

with c\ the constant from Lemma \3. 21 and C3 > ci suitably chosen. 

Proof Let / G T{P\0{D),g G T(P\0{D')) be representatives of /,^, and / = 
/i + /2 with /i G /x(^), and /a G and likewise for g. Then, |/|L2(pt) = 
I/2IL2, |^|l2{p') = |5'2|l2- Let further fg be represented hy h = fg e r(P*, ©(D + D')) 
with decomposition h = hi + h2. Then, h2 = h — hi = + /i5'2 + /25'i — ^1) + /2fl'2 
with hgi + hg2 + f29i-hi G IxiD + D'), and /i2 G + Furhter, 7^ = J^. 

Consequently, by the previous Lemma, 

log|/5'|L2(pt) = log|/l2|L2 < log 1/25-2^2 < 

log I/2U2 + log |^2|l2 + Ci{D + D') + log 

log |/|L2(pt) + log |(?|L2(pt) +Ci{D + D') + log 

There is a variant of the arithmetic Bzout Theorem given in 4 above, that gives 
a better estimate under certain conditions. Let P* be projective space over Ok, 
A' C P* an irreducible subvariety of codimension p, and / G r(P*, 0{D))o^, a global 
section that has nonzero restriction to X. 

3.5 Proposition Under these assumptions 

h{X.divf) < L>/i(A') +degXlog|/^|i2(pt) + cDdegX, (9) 
where c is a constant only depending on t, and the dimension of X . 

Proof Firstly, by number 2 above, 

hiX.dwf) = DhiX)+ [ log|/|/i*-^ 

where fi is the Fubini-Study metric on P*, or alternatively the first chern form of 
0(1). Next, f = f^ + g with g G Ix{D). Hence, 

^log|/|/i*-P = I log|/i|/x*-^ 
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D + D' + t 
t 



< 



D + D' + t 
t 



D + D' + t 
t 



which by ([5]) is less or equal 

degX [ \og\f^\fi' + cD degX < log [ log + degX, 

the last inequality following from (JTj). 

Remark: The usual arithmetic Bezout Theorem gives no lower bound on h{X.y) for 
two properly intersecting cycles X, y. However, in the situation of the Proposition 
it should be possible to give an estimate 

h{X.diYf) > Dh{X) + degX log \f^\ - ciDdegX, 

with ci a constant only depending on t, and p. 

4 Arithmetic Hilbert functions 

For A" C P* a subvariety, let Ix{D), and Fx{D) be as in ([H]), and Gx{D) = 
r(P*,0(D))a n Ix{D)oo as in setction [31 number 5. If not stated otherwise, in 
this section | ■ | will alway denote the L^-metric | ■ liz^pt), on 

E{D)=T{F\0{D)), Ix{D), Fx{D), Gx{D). 

4.1 Theorem Let X he a subvariety of pure dimension s + 1 o/P^, and denote by 

Hx{D) := d^{Fx{D), \ ■ |i2(p*)), HxiD) := d^{Fx{D), \ ■ l^x)) 
the arithmetic Hilbert functions. 

1. For every D G N, 

nx{D) <degX (^Dh{X) + ]^{logdegX + 2slogD) 

2. With a constant Ci only depending on t, and p, 

Hx{D) < (^DhiX) + cidegXD + degX{^logdegX + slog D) 

Hence for C5 > Ci, degX at most a fixed polynomial in D, and D sufficiently 
large, 

Hx{D)<{h{X) + c,degX)D 
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3. With a positive constant C4 only depending on t, and p, 

Hx{D) > d^{G;,{D)) > -HAD) + HiP^iD) > Hj>t{D)- 

Dh{X) + degXZ}((Ti_i - at) + degX(l logdegX + s\ogD)^ ^ ' 
For degX at most a fixed polynomial in D, and D sufficiently large, thus 

Hx{D) > -{h{X) + c,degX)D\ 



4- There are constants 0^,07 > 0,iV e N only depending on t, and p such that 
if X is an irreducible locally complete intersection of hypersurfaces of degree 
Di, ■ ■ ■ Dt_s, then for D > ND := N{Di + ■ ■ ■ Dt^^ — s), the inequality 



H;^{D) > {ceh{X) - c-rdegX)D 

holds. 



Proof 1. Let X = XiU ■ ■ - U Xn he the decomposition into irreducible components. 
We use complete induction on n. If n = 1, i. e. X is irreducible, let / G Fx{D) be 
nonzero. Then, by section [3l number 2 and ([7]), 

< h{X.div{f)) = Dh{X) + j log l/l/i^ < Dh{X) + log j l/l/i^ 
= Dh{X)+\og\fy^xy 

Hence, 

log|/U2(x) > -Dh{X) 
for every nonzero vector / G Fd[X). By the Theorem of Minkowski, 

-deg(Fz), I ■ \mx)) > -rkFoDhiX) - —R\ogrkFo. 
By Proposition 12.31 1. —rkFo > — degX(^^''); hence the above is greater or equal 

-degx(^Dh{X) + ^{logdegX + 2s\ogD)^(^^~^'y 

which proves the claim for n = 1. Assume now the claim has been proved for n — 1 . 
We have the surjective restriction map 

(^:F^(D)-.F;,,u...u;.„_,P), 
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and Fx-,u-ux„-i{D) = Fx/kenp. Hence, 



HxiD) = degF;^{D) = deg kenp + degFx,yj...^x^_AD), 
which by induction hypothesis is at most 

d^ ki?^+i] deg X,(^Y.h{X,) + ]^ (^og deg + 2s log D j j 

Next, ker(/9 maps injectively to Fx^{D), hence as above for every / G ker f 

iog|/|>iog|/ij>-m(A'„), 

and 

rkker(^<ifx„P) <degXJ 

which together implies 



D + s 
s 



D + s 

s 



-degX„ (^DhiXr,) + ^(logdegX„ + 2s log D)^ (^^ + ' 
finishing the proof. 

2. Let X = XiU - ■ - UXn be the decomposition into irreducible components. If = 1, 
i. e. X is irreducible, denote by fx the orthogonal projection of / G r(P*,0(D)) 
modulo /x,(-D). Clearly \fji\ < \f\. Further by Proposition 13. 5^ 

degXlogl/iU^Cp*) > h{X.diY{f)) -Dh{X)-cD deg X > -Dh{X) - cD deg X. 

Consequently, 

log|/|L^(p.)>-/^^-cD. 

As / G Id{X)-^ \ {0} was arbitrary, the claim follows for n = 1 in the same way as 
part one. 

Assume now the claim has been proved for n — 1. With the notations of the proof 
of part one, 

which by induction hypothesis is less or equal than. 



deg keY{p+ 

I O J_ It, J. I Ij 1 -| ( 1/ J. 

D h{'^^) + 5Z 9 Yl + slogD 



n—1 n—1 n—1 ^ n—1 \ / , n 

U + S 



2 ° ^ ' I \ D 

i=l i=l i=l i=l 
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Similarly as in the proof of part 1, one proves 



deg kery? < \^Dh{Xn) + ci deg XD + deg X„(- log deg X„ + s log D) 

finishing the proof of part 2. 

Part three follows from a fact about volumes of orthogonal complements in lattices. 
For arithmetic interpolation the following generalization of the second inequlity in 
part three will be needed. 



4.2 Lemma Let y C X be subvarieties of P* of codimesions s, and r, and 
I-^jyi^D) = Iy{D)'z n Ix{D)^ the orthogonal complement of Ix{D) in Iy{D) as 
in section\^ number 5. Then, 

{Dh{X) + ci deg XD + deg log deg X + s log D)^ + 

Dh{y) + ci deg YD + deg F log deg y + s log Z^)^ (^^ +^ " ^ 

where Ci,C5 are the constants from Theorem \4.1\ 2, and C2 is the constant Ci from 
Lemma \3.2[ 



Proof Renormalizing the norm of the basis {X^\ \I\ = D} of r(P*,0(D)) by the 
factors (^+*), one obtains a norm | ■ \aux on r(P*, 0(i5))]R that takes integer values 
on r(P*,0(L'))z, hence on Iy{D). We have 

-d^r(PSO(D)) = -Hr^iD), -d^r(p*,o(D))_ = 0, 

and since by Lemma [321 log I I -1 = (^/*) > for every /, for any arithmetic 
subbundle M C T{F\0{D)), 

- d^M < -d^Ma„, < -d^M + HptiD). (10) 
By [Be], Proposition l.ii, 

-deg lj^/y{D)aux < -deg Iy{D)aux - degIx{D)aux- 

Hence, by 

-deg I^/y{D)aux < -deg Iy{D)aux - degIx{D)aux < 
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-deg Iy{D) - degIx{D) + 2Hpt{D), 
giving the first inequality. The second inequahty then simply follows from 

Hpt{D)=d^I;,{D) + H;,{D), 

which holds by definition, the corresponding equality for y, and Theorem I4.1[ 2. 

Proof of Theorem 14.11 3: The first inequality is (jH]), and the second inequality 
immediately follows form the previous Lemma taking the higher dimensional variety 
equal to P*. 



4.3 Lemma Let M C N C D{D) = T{F\0{D)) be anthmeUc suhhundle. Then, 



deg E{D)/M > deg N/M; 

in particular 

Hy{D) > 

for every subvariety y o/P*. 

Proof Letg : E{D) E(D)/M be the canonical projection. Since i? = {X^\ \I\ = 
D} forms a basis of E{D), there is as subset B G B such that q{B) forms as basis 
of N/M, and because of < < 1, the Lemma follows. 

4.1 Arithmetic Interpolation 

For the rest of the paper constants Ci, C2, . . . that appear without saying will always 
be positive and only depending on t and possible the dimension of some sub variety 
of P* appearing in the respective context. 

4.4 Proposition LetX,y be subvarieties o/P* of pure codimensions r , and s with 
r < s, and assume that y is irreducible, and X is a locally complete intersection 
of hypersurfaces of degrees Di < • • ■ < D^. Set D := Di + ■ ■ ■ + Dr — r. Let 
further X = XiU ■ ■ ■ U Xn be the decomposition into irreducible components, d = 

mini=i^,„ndegXi, and 03 = Then, for D > ma2;(2D, C3 ""y^^), 

and every i = 1, . . . ,n. 



t — r / \ t — s 

d(D-D + t-r\ dfD/2 + t-r'' 
~ 2\ t-r /2V t-r , 
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and there is an f E Iy{D) that is nonzero on Xi, for every i = 1, . . . ,n, and fullfills 
{Dh{X) + c,degXD) (^+^-'-) 



2 I t-r ) 

{Dh{y) + ci deg YD + deg F (| log degY + s log D)) (''+^~^) 

d (D/2+t-r 



d lD/2+t-r\ 
2\ t-r ) 



where ci,C5 are the constants from Theorem\^.l\2. 



Proof The first set of inequalities follow from the two parts of Proposition ^ 
and the equality 

i]Lly{D)/{IxXD) n Iy{D)) = HxuviD) - Hy{D). 

With IxjyiD) := Iy{D)z n {Ix{D) n Iy{D))^, by the Theorem of Minkowski, for 
every z = 1, . . . , n, there is an /j G Iy{D) that is nonzero on Xi such that 

deK/-*- 1 (D) 1 

^ - r^wmv^m n ^ 2 ^"i^^^rWRl.AD) n J.(Z))). (11) 



By Lemma I2.6[ there are nonzero numbers Zi, G N with li < n,i = 1, . . . ,n 

such that 

n 

is nonzero on each irreducible component of X. Thus, the inequality (iTTl) together 
with Lemma applied to the varieties A'j, A'j fl 3^, implies 

log|/| < maXi=i,...,„log + 21ogn 

{Dh{X) + ci deg XD + deg X(i log deg X + r log D)) (^+^-'-) 



< 2- 



< 2 



d (D/2+t~r\ 
2 V t-r / 

{Dhjy) + ci deg YD + deg F log deg F + g log D)) (''+^~^) 

d (D/2+t-r\ 
e V t-r / 

+2 log degX 
{Dh{X) + c^degXD) (^+^-) 

d (D/2+t-r\ 
2\ t-r ) 

^ {Dhjy) + C5 deg YD + deg F (| log deg F + 3 log D)) (^+^-^) 



d /D/2+t-r\ 
e V t-r / 
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which was to be proved. 
Remark: If 3^ C A", the stronger inequahty 

{Dh{X) + c,degXD ) (^+^-'-) 
{Dh{y) + ci deg YD + deg Y{\ log deg F + g log D)) [''+^-') 

2 V t-r ) 

holds for /. 

Let now y C be an irreducible subvariety, Hi, - ■ ■ ,Hs hypersurfaces of degrees 
Di < ■ ■ ■ < Ds that contain Y , and 

p* = Xo D Xi D ■ ■ ■ D X2 D r = 3^fc (12) 

a chain of subvarieties such that each Xj is the locally complete intersection of 
Hi, ... Hi at Y . These data are supposed to fuUfill the properties stated in Propos- 
tion l2.10l It is evident from the proof of this Proposition that the hypersurfaces and 
subvarieties may be chosen to be defined over SpecOfc. Also, the concept of locally 
complete intersection and locally complete intersection at 3^ transfer to the arith- 
metic case, and Lemma [2.21 still holds. Thus we have Hi = {Hi)ki Xi = {Xi)k with 
Hi, Xi hypersurfaces and locally complete intersections at y defined over SpecC^. 
However, the Xi are not uniquely determined by Y, their choice rather being quite 
restrictive, if the gaps between the different numbers Di (each Di is uniquely de- 
termined by Xj_i) are big. For example for Xi = Hi = V{fi), the vector can only 
be chosen among the vectors in Iy{Di) which has small dimension, if Di is small 
compared with v^deg Y ; if s = 2 its dimension is one if Di is small. 
These considerations lead to the following Definition: For m G N, the chain (fT2|) is 
called m-stable if 

m'-^Di > m'-^Ds > ■ ■ ■ > mDs-i > D,. 
Every chain can be dissected into parts 

D ■ ■ ■ D Xi-^ D Xi^j^i D ■ ■ ■ D Xi,-^ D ■ ■ ■ D Xi^_^ D Xi^^^j^i D ■ ■ ■ D Xi^ = Xg D Y, 
such that the sub chains 

Xq D ■ ■ ■ D Xi^, Xi^^i D ■ ■ ■ D Xi^, D Xi^_^^i D ■ ■ ■ D Xi^ = Xs ^ y , 

are m-stable, and 

Ai < mDi^+i, ■■■ , Di^_^ < mAfe_i+i- 
The m-stable sub chains above are called the m-stable parts of the chain 
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4.5 Proposition Let m,n be natural numbers n > 4, and 3^ C P* an irreducible 
subvariety of codimension s. Further 

P* = D A"! ■ ■ ■ D A",, D ■ ■ ■ D D ■ ■ ■ D Xi^.i D A",^ = A", D 3^ 

subvarieties with the properties in Proposiiton \2.1(K with m-stable parts 

A'o D ■ ■ ■ D P^ii, • • • , D ■ ■ ■ D A'jj,. 

Then, there is a chain of subvarieties 

a chain of irreducible subvarieties 

P* = 3^0 3 3^1 D ■ ■ ■ D 3^.-1 D 3^. = 3^, 

numbers Di < ■ ■ ■ < D^, and hypersurfaces Hi, - ■ ■ , }CH_,, Qi, . . . , Qg, such that 
each Xi, i = 0, - ■ ■ ,s is the locally complete intersection ofHi,--- ,'Hi aty , each 3^, 
intersects Gi+i properly, and yi+i is an irreducible component ofy.Qi+i, and with 
certain positive constants ci, C2, cj, cs only depending on t, s, and i, but independent 
of m, and n, the following conditions are fullfilled: 

1. For j = 1, . . . ,k: Di. = Di^, = Xi^, and yi. is an irreducible component 
of Xi-, and there is no global section of degree less then -Dj^+i that is zero on 
y, but nonzero on yij . 

For i 7^ ij for all j = 1, . . . ,k: nciDi < Di < 4^~^^C2nDi. Hence, the chains 

Xq D ■ ■ ■ D Xi-^, ■ ■ ■ , Xii^_^^i D ■ ■ ■ D Xii_ 
modulo constants are mn-stable. 

2. 

deg Xi = n' deg Xi , deg Xi = deg Xi^iDi, 

n*-ffy(A-l)|degx(^^+J~' 

and if di denotes the minimum of the degrees of the irreducible components of 
Xi, 

di = deg Xi, and degFj = degX^. 

3- 

degXi < c{t,i)n' {deg Y)-s. 
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4- For every j = 1, . . . ,k — 1, the restricition maps in the chain 

Fy^^ (A,+i - 1) - i^y.^.+.(A,+i - 1) - • ■ ■ - Fy(A,+i - 1), 
all are bijections. 
5. For j = 0, . . . , k — 1, and ij < i < ij+i 

h{X,) < cs{s, t){h{X,^+i + C5 degX,^.+i)5p + 



and 



hm < csis,t){h{y,^+^ + c,degY,^+i)Dl'^ + 
C7 (s, {hiy,^^, ) + C5 deg Yi^^jDir''^' , 



where C5 is the constant from Theorem 4-12. 



Proof The existence of A?j and is trivial for i = 0; so assume it is proved for 
i < s. 

If i = ij — 1 for some j = 1, . . . ,k, take A^+i = A^+i, -Dj+i = max(Z}j+i, 2Di) and 
yi+i as an irreducible component of Afj+i such that the restriction map 

Fj)^^^(A,+i-l)-Fy(A,+i-l) 

is injective; such a component exists by Proposition I2.10[ 3. The claims of the 
Proposition then are trivial or follow from Proposition 12.101 

Let now ij < i < ij j^i for some j. The idea of the proof is of course to apply the 
interpolation formula in Proposition I4.4[ Because this interpolation formula only 
works if the degrees of the involved varieties, and the degree of the global section 
to construe fullfill the inequalities in the assumption, we firstly have to compare 
degrees of varieties and the numbers A +1, ■ ■ ■ A-i, A +i) ■ ■ ■ A-i- 
Firstly by Proposition 12.101 



i+i 

degXi^,+i < cA,^i degX,^.^,_i < ■ ■ • < degXic'^+^-^ J] A, 



l=i+l 

thus by assumption 

degX,+i < degX^c'^+'-'m^'^+'-'^^'^+'-'+'^/^Di^;'\ (13) 
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Further, by induction hypothesis, 

i 

degX, > cAdegX,_i > ■■■ >c'-^MegX,^. J] A (14) 



1 A - ni-i. A 

> (cc2n)^-^^degXi. (16) 

If di is the degree of the irreducible component of Xi with minimal degree, by 
induction hypothesis degXj < crfj, which together with (fT3|) . and (fT6|l implies 



Cl 



degXi^.^, 



Thus, with C3 the constant from Proposition 14.41 and 

A+i := max(2(A + ■ ■ ■ + D^),n{[c^Ci] + l)A+i), 

we have 

n ^ ,,,/ degX, 

A+i> can (17) 

Also, A+i > ?T,([c3Ci] + l)A+i5 and induction hypothesis for part 1 of the Proposi- 
tion, and Proposition I2.10[ 3. 

2(A + ■ ■ ■ + 5i < 4'-'^2c2n(A + ■ ■ ■ + 1^1) < C24'+'-'%A+i, 

hence A+i < 'n-Dj_|_imax([c3Ci + 1], 4*+^~*-'C2), and A+i fullfills the inequalities of 
part one of the Propsotion. 

Now, by ( |T71) . and Proposition 14.41 there is a nonzero vector / G /^-^^(A+i) that 
has nonzero restriction to every irreducible component of A^, and fullfills 

(A+i/^(A',) + C5A+idegX,)(^^Y-?"') 
^ ^(A../2+t-.^ 

2V t-i ) 



(/^(y.,^ J + C4 deg F,^.^ J A+i 

/A+i/2+t-j\ 
2V t-i I 

deg (i log deg Y,^^, + log (^'+4*;^') 



/Di+i/2+t-i\ 
2V t-i ) 
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Since degFj^^^ is at most a fixed polynomial in Z^j+i, 

2 V t-j / 

(My...j+c5degi^^,jA+if'^^;;:-^0 

d^(D,+i/2+t-i\ ■ ^ ^ 

2 \ t-i I 

Take 'Hi+i := div/, and as the union of the irreducible components of A^.T^j+i 
that contain ^j ^i. By Lemma [2.2I 3. A^+i is a locally complete intersection at 3^. 
To estimate h{Xi^i), just use the sharp arithmetic Bezout Theorem fl3.5p . and apply 
the induction hypothesis. More concretely, fl3.5p together with f|T8l) firstly implies 

h{Xi+i) < h^Xi.Hi+i) < Di+ih{Xi) + degXj log |/|i2(pt) + C9degXiA+i < 

A+i(/i(^i) + C9 degXi) + 

degXj 



da 



t-i 



(c6A+i(/i(^.) + C5degX,) + (A+i/^(3^.,+J + C5degF,^,^Jc3A'+r') 



Next, by induction hypothesis for part 2, di > degXj/ci, and the above is less or 
equal 

Di+i{h{Xi) + Cg degXi) + 
ci (c6A+i(/^(A',) + C5degX,) + (A+i(/i(3^.,+J + C5degF^.^Jc3A;r') < 

((1 + CiCe)h{X,) + (cics + Cg) degX,)A+i + cM%^^) + c, deg F^.,J A;^'^'- 

Using the fact degXj < A+i ■ ■ ■ A^+i degX^^+i < A ''"^ deg X^^., and again by 
induction hypothesis, this time for part five of the proposition, one gets 

/^(^m) < C8(s,0(l + ciC6)(MA',J + C5degX,jA+iAp~' + 

C7(t,^)(l + cice)ih{%^,) + C5degF^^jA+iA"''^' + 
C3{h{%^J + C5 degF^.,J A;!'^'""' + (ciC5 + C9)A;r' degX,^ 
< C8(t, I + l)ih{X,^) + C5 deg Y,^)D'~'^ + 

crit,t+ imy,^^,) + c5degF^^jA;r'^\ 

with 

cs{t,i + 1) = cs{t,i){l + CiCe) + (c+ — ), C7{t,i + 1) = C7{t,i){l + ciCq) + C3, 

C5 
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proving part 5 for Xi. Part 1 for Xi has already been seen above. For part 3, 
degXj+i < A+i degXi < ciA+i^degXj < ciC2n*+^A.+i degXj < 

CiC2C3n*+^ degXi+i, 

the first inequahty being Bezout's Theorem, the second following from part 1, the 
third from the induction hypothesis, and the fourth form Proposition 12.101 1. Part 
3 for Xi+i thus follows from Proposition 12.101 2. 

To contruct and proove parts 3, and 5 for 3^i+i, apply induction hypothis of part 2, 
to see that degFj < ci degXj, and use the inequahes degXj < C2di from above, and 
degYi.^^ < degXi^._^^, to derive 



After multiplying -Dj+i by a fixed constant, if necessary, one can apply the same 

procedure as for A'j+i above. 

Part 2 follows in the same way as part 3 above 

Finally, part four follows from the choice of subject to the condition in Propo- 
sition ElOl 3. 

4.2 The lower bound 

4.6 Lemma Let y G X G be irreducible subvarieties of codimensions s, and 
s — 1 respecively. 

1. For every f G Iy{D), let again be the orthogonal projection of f modulo 
Ix{D). Then, with some positive constant c, 



for every f G Iy{D) with fx ^ 0. 

2. If further X is a locally complete intersection of hypersurfaces of degrees Di < 
■ ■ ■ < Ds_i, and y is an irreducible component of a proper intersection of X 
with a hypersurface of degree Dg, then, for D = Di + ■ ■ ■ + -D^-i — s + 1, and 
D > max{2D, 3{t - s + l)Ds), 




log If^lLHx) = log \f\LHx) > h{y) - Dh{X). 




-cD 



deg{Iy{D)/I;,{D)) > 



1 



h(y)D 



{h{X) + cdegX)D 



3{t + t-s)\ 
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Proof 1. Let Z = X.dwf. Then, clearly 3^ is a subvariety of codimesnion of Z, 
and hence h{y) < h{Z). By section [3l number 2, and ([7]), 

h{y) < h{Z) < Dh{X) + / log 1/1/^*+^-^ < Dh{X) + log 

Jx 

and the first claim follows. Further, by [3], number 3 

t+l-s _ / ^^^\ fU ,.t+l-s ^ V / l^„l/-L|,,t 



log|/|/i*+'~^= / log|/3^|/i*+^-^<degX / log|/^|/i* + cDdegX< 

X Jx JP* 

c deg XD + deg X log | fx \ L2(pt) , 

proving the second claim. 
2. By Propostion [231 

iUy{D)/Ix{D) = Hx{D) - Hy{D) > 

Since degF < Ds degX, by the choice of D this is greater or equal 

^ degXD*+l-^ 



3(t - s + 1 
Further, 

TklYiD)/IxiD) = Hx{D)-Hy{D) < Hx{D) < degxf^ + ^ + ^ " ' 

\ t + 1 - s 

by Proposition 12.31 

By part one, and the Theorem of Minkowski, thus 

-Arg{Iy{D)II^{D)) > Q^-D^-cDyTklY{D)/Ix{D) 

-^{TklY{D)/Ix{D))\og{TklY{D)/Ix{D))), 

which because of the two estimates of rk/y(D)//x(-D) is greater or equal 

1 



3(t+l-s)! 



h{y)D'^'+^ - {h{X) + cdegX)D*-^+2 



-i(rk/y(D)//xp))log(rk/y(D)//xp)). 

The claim thus follows from the upper estimate of rk/y (D)//x(-D) above, if one 
enlarges c, and keeps in mind, that degX is at most D^~^, hence log deg X < 
(s - l)logL'. 
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4.7 Lemma Let y be an irreducible subvariety of codimension s of P* that is 
locally a complete intersection of hypersurfaces of degrees Di < ■ ■ ■ < Ds, define 



D = Di + ■ ■ ■ Ds-i — s + 1, and assume that Theorem \4-l\ 4 holds for subvarieties of 
codimension at most s — 1. Then, there are constants e, ci, ce > 0, e < 6(t + 1 — s) 
only depending on t such that for D = [eDg] the arithmetic bundle Fy{D) contains 
a non zero lattice point f with 

\og\f\<-c^P^D + ceD. 
aegY 

Proof For m, n be natural numbers > 4, and 

XqD XiD ■■■D Xs^y, XqD XiD ■■■D Xs^y, 

3^0 3 D ■ ■ ■ D, y,,_, D 3^,,_,+i D---Dys-i^y m 

and Di, . . . , Dg, Di, . . . , Dg he as in Propositions 12. and 14.51 where the first chain 
is assumed to be m-stable, and the second chain mn-stable consequently. Further 
nDi < Di < ucgDi for / = 1 . . . , s. Write simply i for ik-i', this means that the chain 
Ai+i D • ■ ■ D Xg^i D 3^ is m-stable, but the chain D ■ ■ ■ D Xg-i D 3^ is not. 
Set D := Di + -- ■- - s + 1, M = 3(t + 1 - s){[Dg/D] + 1), and D = MD. 
Then, D > max(2Z), 3(t + 1 — s)Ds), hence by Lemma [4.61 

- d^IyiD)/Iy^_^{D)) > (cMy) - Dhiys^,))D'+''' - C2DdegXD'-'+\ (21) 
The variety J's-i by Proposition 14.51 fullfills 

h{ys-i) < C3{h{y,) + c,degYi)D:zl-' + c,ih{y)+c,degY)D;}„ (22) 
and each of the constants 01,02,03, €4,05 is independent of m and n. Choose now 



m = At, n 



6tmc4 
ci 



+ 1, and C:=^ , 
' C4 y3(t+i— s) 



Case one: h{y) > CD'-%yi). In this case, 

3(t + l-s)- 3(t+l-s)- 3t n 1 

nog nog nog m mog 



Further, by 



(23) 



= ^tj^^-d^iIy{D)/Iy^_^m-^Iys-AD) 

> (oMy) - Dhiys-i))D'+'-' - C2 degn_iD*-^+2 ^ Hy^_^^D), 
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which by Lemma 14.31 is greater or equal 

{c^h{y) - Dh{y,_,))D'+^-' - C2degn_iZ}*-^+2_ 

By (I22D, 

2c,h{y) - Ds-iHys-i) > c,h{y) - CsdegF - c^ihiy,) + cdegY^DlZl, 

which by the choice of C, the assumption —Ch{yi)D^^'^ > —h{y), and the inequahty 
deg y < ^ deg FjZ)j+i ■ ■ - Ds < ^ deg YiDlZ\ together with (l23ll is greater or equal 

cMy) - (C5 + ccs/n*) degy - 04/1(3^) /2 = cMy)/2 - (05 + cc^/n') degF. 

By the choice of n, hence 

Hy{D) > {c,h{y)-Dh{y,_^))D'+'-'-C2degZ_,D'+^-' 

- ^^^"""^^^^ " D,.,h{y,.,)D'+'-' - C2degn_iD*+2-« 



> 'iW) - '^""^^ deg - C2 deg Z.,D'-^^' 

2 n^Ci 



Because deg F^-i, by Proposition l2.10l is at most a constant times consequently, 



Hy{D)>{^hiy)-c,DdegY)D' 
On the other hand, by Proposition I2.3[ 

rkFfl(r) < degY(^^^~ '^^ < degYD'^'. 

The Theorem of Minkowski thus implies the existence of a vector / G -Fd(3^) with 

log|/|<-f:^Z5 + c„A 

zdegr 

proving the Lemma in case one with e = M. 

Case Two: h{y) < CD'-''h{y,). If the first chain in ([20]) is m-stable, that is 
= P*, and thereby h(y) < CD^hiV^) = CD^at, then there is a multiindex I with 
\I\ = D such that G r(P*, 0(D)) is nonzero on 3^, and 

iog|.Y'i < -ciogi> < < -C,^™*«)/^D. 

(Ti CL)^ degr 
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the last inequality following from the fact m-stability of the first chain in (!20|) to- 
gether with Proposition 14.51 2 implies degF > C2m^^^'^^^^'^D'^. Hence, the Lemma 
follows in this case also with e = M. 

If on the other hand i > 0, that is the chain is not m-stable, we have 
A < -A+i > A^'+2 > ■ ■ ■ > 

Consequently, if D := [Di+i/2], 

D > 2A+1 > - A+2 > ■ ■ ■ > -^Ds-i > -^-Y^D = —^—-D. 
By hypothesis. Theorem I4.1[ 4 holds for J'j, that is 

d^FD{%) = HyXD) > {ceh{y,) - cydegy,)^*^'"', (24) 

and since locally is an intersection of hypersurfaces of degrees Di, . . . , Di, and 
Di + ... + Di-i<iDi< ^A+i < ^D, Proposition [2312 implies 

rkFy^ {D) = Hy^ (D) > deg Y, (^^^^ ~ + ^ " > cio (l - ^) deg %D'-\ 

By the Theorem of Minkowski Fy- {D thus contains a non zero vector / with 

^-C6M3^^) + C7degF,)A+l-* 



^og\g\ < 



ClO 



1 - ^y-i degK A- 



m ' 



+ Jlog(cio(l--)*~Megr,D*-)- 

Since degFj is less or equal a fixed polynomial in £), and ^ < |, the assumption 
^(3^) < CD^~''h{yi) together with the inequality D < m''~*~^zM/2£) implies 

\og\g\<-Cn^^D + CuD, 
deg Y 

for some positive constants Cii,Ci2. By Proposition I4.5I 4. in the chain 

H'{% 0{b)) ^ ■ ■ . ^ 0(D)) ^ /f°(3^„ 0(£))) ^ i^°(3^, 0(D)) 

each map is injective, and thus the image / of in Fy{D) is nonzero, and clearly 
log 1/1 < log \g\- Thus, the claim follows with e = . ■ 
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4.8 Lemma Let Y be a suhvariety of P*, which is a locally complete intersec- 
tion of hypersurfaces of degree Di < ■ ■ ■ < Ds, D := Di + ■ ■ ■ + Ds — s, and 
f e r(P*, 0(deg/)) a global section whose restriction to Y is not a zero divisor, and 
letVkiY.divf) he the kth infinitesimal neighbourhood of Y.divf in Y . If Ivf.^^^f{D) de- 
notes the elements ofFy^D) that vanish on VkAegf(X-divf) , and Ek{D) C Iv^de^fiD) 
the multiples of f^ in Fy{D), then for D > 2D + 2k deg /, 

rkIy,,^^^{D) > rkE,{D) > degY (^^^^j 

Proof Follows immediately from the the fact that / and thereby f^ is not a zero 
divisor in Fy, and the formula 



Hy{D - A: deg/) > degF 
from Proposition 12. 3[ 



D-k deg f-D + t-s 
t - s 



Proof of Theorem 14.11 4: The proof is by complete induction on the codimen- 
sion of X. If the codimension is 0, then X = P*, and by Lemma [3. 2 ^ 

Hx{D)> 



2 + 

if D > with a number only depending on m. Assume now the Theorem is 
proved for subvarietes of codimension at most s — L 

By Lemma 14.71 there are constants e, Ci, C2 > Oe < 6(t + 1 — s), a such that with 
D = eDg, there is a non zero / G Ff){X) such that 

\og\f\<-c,^D + c,D. 
deg A 

Assume first that D > 3D, let D > D, and m,n G N,m < D he such that 
D = nD + m. Further define 3^ as the divisor in X corresponding to /. With 
E[n/2]{F>) C ly^ /2]f)(-^) Lemma [4. 8[ this Lemma implies 

.f[D/2]+t-s' 
t - s 



rk E[n/2]iD)>degYr 



Further any g E E[n/2] (D) may be written as g = f^'^^'^^h with h E /2+m- Choosing 
a basis of E[n/2]iD) in such a way that each basis element equals f^'^^'^^h with some h 
such that log \ h\ < 0, Lemma [3731 implies that these basis elements have logarithmic 
length at most 

[n/2] log I/I +cD< [n/2] (^-c.^^D + c^dJ + cD < 
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h(X) D D ^ h(X) D 

aegX 2 2 degr 2 



Hence 



(-C6/i(A') +C7degX)D*+^-^ 
with appropriate positvie constants cejCy. By Lemma | 

-d^ (Fy(Z})/E[„/2]p)) < 0, 

and the claim follows with = [e]. 

If on the other hand D < 3D, set / := [3Z)(D] + 1. Then, by Lemma [3l 

log\f\^<-c,^lD + C2lD. 
deg A 

Replacing D hj ID > 3D in the above argumentation it follows in the same way 
that for N = 3, D > ID > ND, the inequality 

H;^{D) > {ceh{X) - C7degX)D*+i-^ 

holds. 
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